Hybrid valence-bond states for universal quantum computation by Wei, Tzu-Chieh et al.
Hybrid valence-bond states for universal quantum computation
Tzu-Chieh Wei
C. N. Yang Institute for Theoretical Physics and Department of Physics and Astronomy,
State University of New York at Stony Brook, Stony Brook, NY 11794-3840, USA
Poya Haghnegahdar and Robert Raussendorf
Department of Physics and Astronomy, University of British Columbia,
Vancouver, British Columbia, V6T 1Z1, Canada
(Dated: May 8, 2018)
The spin-3/2 Affleck-Kennedy-Lieb-Tasaki (AKLT) valence-bond state on the hexagonal lattice
was shown to be a universal resource state for measurement-based quantum computation (MBQC).
Can AKLT states of higher spin magnitude support universal MBQC? We demonstrate that several
hybrid 2D AKLT states involving mixture of spin-2 and other lower-spin entities, such as spin-3/2
and spin-1, are also universal for MBQC. This significantly expands universal resource states in the
AKLT family. Even though frustration may be a hinderance to quantum computational universality,
lattices can be modified to yield AKLT states that are universal. The family of AKLT states thus
provides a versatile playground for quantum computation.
PACS numbers: 03.67.Ac, 03.67.Lx, 64.60.ah, 75.10.Jm
I. INTRODUCTION
Quantum computation by local measurements
(MBQC) was shown to provide the same power of com-
putation as the standard circuit model [1–5]. Studying
various aspects of this model also offers new perspectives
and insights, such as improvement of the resource
overhead in linear-optics quantum computation [6, 7],
utilization of topological protection [8], renormalization
and holographic principles [7, 9, 10], exploration of quan-
tum computational phases of matter [11–14] and the
relation to symmetries [15] and contextuality [16]. There
are still several aspects in MBQC to be understood, such
as complete characterization of universal resource states
and whether they can arise as unique ground states of
gapped two-body interacting Hamiltonians [17–20].
The cluster state on the square lattice was the first
entangled state found to support universal MBQC [1].
Later its generalization to graph states on many 2D reg-
ular lattices were shown to be universal [21]. Moreover,
even faulty lattices can also support graph states that
are universal for MBQC [22]. Given the success in graph
states, one is led to ask the question: how to character-
ize all universal resource states? Specifically, do there
exit other families of states like graph states that pro-
vide such versatility for quantum computational univer-
sality? Common properties shared by members in such
families can provide insight to the relation between com-
putational universality and physical properties, possibly
providing stepping stones towards complete characteri-
zation of resource states, which is currently lacking.
In the following we shall investigate the family of the
Affleck-Kennedy-Lieb-Tasaki (AKLT) states [23] and sig-
nificantly expand known universal resource states in this
family. Similar to graph states, AKLT states can be de-
fined on any graph. In contrast to graph states composed
uniformly of spin-1/2 entities, the local spin magntidue
S of the AKLT states depend on the number z of nearest
neighboring sites, via S = z/2; see e.g. Fig. 1. The en-
tanglement stucture of the AKLT family is therefore dif-
ferent from that of the graph-state family. Graph states
do not arise as unique ground states of two-body inter-
acting Hamiltonians [17], which might be a disadvantage
from the viewpoint of creating universal resource states
by cooling. A finite gap in the Hamiltonian separating
a unique resouce state as a ground state from excited
states is thus a desirable feature [24]. With suitably
chosen boundary conditions, AKLT states are unique
ground states of certain two-body interacting Hamilto-
nians [23], some of which are believed to possess finite
spectral gap [25, 26].
The insight why AKLT states might be useful for
MBQC originated from the study of the 1D spin-1
AKLT state, shown to be capable of simulating one-qubit
gates [3, 27]. But the full quantum computational uni-
versality requires higher dimensions and was later estab-
lished in the spin-3/2 AKLT state on the honeycomb
lattice and a couple of other trivalent lattices [28–31].
It is therefore natural to ask whether the university of
the spin-3/2 AKLT state is fortuitous or there are other
states, in particular ones with higher spins (than 3/2),
that can provide universal resource for MBQC? Furthre-
more, understanding why some states in the family are
useful while others are not can provide connection of
quantum computational universality to other physical
properties.
Here we demonstrate that within the AKLT family
many states defined on various 2D lattices contain mix-
ture of different spin entities (such as spin S = 1/2, 1, 3/2
and 2) and provide universal resources for MBQC. (We
note that spin-1/2 entities can occur at the boundary
of the lattice.) The universality of this family is richer
than the cluster family. Lattices possessing geometric
frustration (i.e., loops with odd number of sites) may
ar
X
iv
:1
31
0.
51
00
v2
  [
qu
an
t-p
h]
  2
9 J
an
 20
15
2not support universal resource states but they can be
modified (or decorated) so that the associated AKLT
states are universal. The emerging picture from our
study is the following. AKLT states involving spin-2 and
other lower spin entities are universal if they reside on a
two-dimensional (geometric) frustration-free lattice with
any combination of spin-2, spin-3/2, spin-1 and spin-
1/2 (consistent with the lattice), provided that spin-2
sites are not neighbors. The constraint that the spin-2
states are not neighbors is due to the open question that
whether AKLT states of uniform spin-2 entities can be
universal, and it may be lifted if the anwser to that ques-
tion is affirmative. We also note that, however, the exis-
tence of geometric frustration may not necessarily render
the states non-universal, as we shall also demonstrate.
The task of proving universality of higher-spin AKLT
states poses a greater challenge, as a straightforward
extension of the generalized measurement or positive-
operator-valued-measure measurement (POVM) for the
trivalent case does not work. Additional elements must
be introduced to complete the spin-2 POVM [32], and as
a result the known reduction of the AKLT states to graph
states may no longer work. We shall provide a construc-
tion of spin-2 POVM (see Eqs. (2) below) that allows us
to overcome this difficulty. We consider AKLT states on
a few lattices, some of which are shown in Fig. 1, but
the applicability of our method goes beyond these. For
example, the lattice Fig. 1a can be regarded as modified
from the square lattice by replacing in the checker-board
pattern spin-2 sites with four spin-3/2 sites. On this
lattice, spin-2 sites do not reside as neighbors, but are
surrounded by other spin-3/2 sites. Spin-3/2 sites can
be dealt easily with a POVM composed of three direc-
tions (x, y and z); see Eq. (1) [28]. Such modification
makes the demonstration of the universality involving
higher-spins possible via treating potential leakage errors
on these sites. In a similar manner we shall also examine
two other lattices (Figs. 1b and c) which support AKLT
states with mixture of spin-2 and spin-1 entities. More-
over, we shall investigate the universality for the spin-2
AKLT state on the kagome lattice (Fig. 1d) and the spin-
mixture AKLT states on the decorated kagome and star
lattices (Fig. 1e and f), respectively. For convenience,
we shall refer to these AKLT states defined on graphs
with non-uniform vertex degrees as hybrid AKLT states
or hybrid valence-bond states.
The structure of the remaining of this manuscript is
as follows. In Sec. II we discuss an important in gre-
dient of our proof for universality, i.e., the generalized
measurement. It enables projection from four- or five-
level states to effective two-level states, i.e., qubits. In
Sec. III we describe a strategy to perform simulations
without sampling the exact distribution of POVM out-
comes. It is a worst-case scenario and therefore provides
a ‘lower bound’ on universality. In Sec. IV we discuss
consequences of geometric frustration for AKLT states
on kagome and star lattices and provide some ‘decora-
tion’ on these lattices that yied universal AKLT states.
FIG. 1. (Color online) Lattices that host various AKLT
states. By construction local spin magnitude S depends on
the coordination number z by S = z/2. (a) The lattice that
supports a hybrid AKLT state with spin-3/2 and spin-2 mix-
ture. It is obtained from the square lattice by replacing in
the checker-board pattern spin-2 sites with four spin-3/2 sites.
(b), (c) & (e) Lattices that host spin-1 spin-2 hybrid AKLT
states. (d) kagome lattice that hosts a spin-2 AKLT state. (f)
A decorated star lattice which hosts a spin-3/2 spin-1 hybrid
AKLT state.
We summarize in Sec. V.
II. THE GENERALIZED MEASUREMENT FOR
REDUCTION TO QUBITS
One approach for universality is the so-called quan-
tum state reduction [33], i.e., to show that the state in
question can be converted, via local measurements, to a
known resource state, in particular some 2D graph state.
The POVM for spin-3/2 sites consists of three rank-two
elements [28]
Fα =
√
2
3
(|Sα = 3
2
〉〈Sα = 3
2
| + |Sα = −3
2
〉〈Sα = −3
2
|),
(1)
with α = x, y, z. The POVM for the spin-2 sites consists
of three rank-two elements and three additional rank-one
elements:
Fα =
√
2
3
(|Sα=2〉〈Sα=2|+ |Sα=−2〉〈Sα=−2|) (2a)
Kα =
√
1
3
|φ−α 〉〈φ−α |, (2b)
where α = x, y, z and |φ±α 〉 = (|Sα=2〉 ± |Sα=−2〉)/
√
2.
It can be verified that the completeness relation is satis-
fied:
∑
α F
†
αFα +
∑
αK
†
αKα = 1 .
It has previously been shown [28, 30] that for the state
|ψ〉 ∼ ⊗v∈V Fαv,v|ψAKLT〉 (where v is a site index) is an
encoded graph state on domains, regardless of αv’s (the
3FIG. 2. (Color online) Code reduction. Sites 1 & 3 are in
the same domain, and 2,4,5 are each a distinct domain. A
POVM Kα on the spin-2 site 3 is equivalent to removing site
3 without affecting the graph. Shapes such as circles (single-
site) and half-ovals (multi-site) are domains. On the l.h.s. an
internal edge (between sites 1 and 3) is shown.
proof applies to any spin S). By a domain we mean a
collection of connected sites on the original lattice that
have outcomes associated with the F ’s with the same
labeling α. A domain is effectively a qubit. Outcomes
associated with Kα are thus undesired, and we might
need to regard them as “errors” [34]. Nevertheless, the
K operators can be rewritten as Kα =
√
1/2|φ−α 〉〈φ−α |Fα.
This suggests that we can regard the outcome associated
with Kα as arising from a two-step process: (1) first a
result in the outcome associated with Fα is obtained; (2)
then a further measurement is done in the basis |φ±α 〉
and the result |φ−α 〉 is obtained. A measurement in the
basis |φ±α 〉 corresponds to a measurement in the effective
logical X ≡ σx or Y ≡ σy basis [35], respectively.
By construction the Kα’s outcomes only occur on spin-
2 sites. For each spin-2 site that is contained in a multi-
site domain, the effect of the measurement in the basis
|φ±α 〉 correspond to code reduction, namely, shrinking the
number of sites inside the domain by one without affect-
ing the quantum correlations of the present domain with
others (i.e., the graph remains the same) [28]; see e.g.
Fig. 2. Therefore, it has no effect on the graph for the
encoded graph state. However, for a single-site spin-2
domain, the measurement outcome Kα amounts to ei-
ther a logical X or Y measurement on this logical qubit
of the graph state. For the purpose of discussion we refer
to them as X or Y undesired measurement , respectively.
Pauli measurements on a graph state simply results in
another graph state, whose graph can be easily deduced
from simple rules [36]. However, these Pauli measure-
ments do not preserve planarity of graphs. In order to
apply the percolation argument for planar graphs [28, 30],
we need to somehow actively perform further measure-
ment to recover planarity of the graphs, as will be dis-
cussed below.
The above discussions suggest that one approach for
establishing universality is to employ certain procedure
to recover the planarity of the graphs, caused by the Kα
outcomes on single-site spin-2 domains. Consider the un-
desired Y measurement. Its effect is to induce local com-
plementation on the graph [36]. When the spin-2 domain
is connected to three or few other domains, the planarity
is preserved. When it is connected to four other domains
(four is the maximum due to the geometry considered
here), we can simply apply an additional Pauli Z mea-
FIG. 3. (Color online) Graph transformation rules by Y
measurement on a single-site spin-2 domain (site 3). For sim-
plicity we assume every site is a domain. (a) and (b) illustrate
the case where four distinct domains are connected to center
spin-2 site. In (b) there is an additional edge between domains
4 and 5. To further make the graph remain planar, a Pauli Z
measurement is made on any of the neighboring domain, say,
2. (c) shows the case where three distinct domains are con-
nected to the spin-2 site. (This case can arise, e.g., as one of
the neighboring domains was deleted in the second step of (a)
or (b) associated with other spin-2 site.) (d) and (e) exem-
plify the cases of, respectively, two and one domain connected
to a spin-2 site. Note that the above list does not exhaust all
possibilities but just serves to illustrate that the undesired Y
measurement can be treated to maintain planarity.
surement on any neighboring domain so as to recover pla-
narity. See Fig. 3 for illustration of these measurements.
The undesired X measurements are more troublesome,
however, as they can result in longer-range connectivity
(edges), and the planarity is more complicated to restore
(it also depends on which reference neighbor to use for
applying the graph rule [36]). We shall take the simplest
approach by measuring logical Z on all their neighbors,
thereby removing both the domains with undesired X
measurement and their neighboring domains. This can
be costly, but simplifies the simulations. In summary,
we shall first treat all the undesired X measurement and
then Y measurement to recover the full planarity.
III. WORST-CASE SCENARIO
We have just described a procedure to deal with Kα
outcomes. However, in order to perform simulations
to determine the computational universality, we need a
method to sample F ’s and K’s from the exact distribu-
tion according to the correlation in the AKLT states. Via
exact sampling, we can also determine the probability of
success for reducing the AKLT to a universal graph state.
The exact sampling amounts to knowing the probability
distribution of measuring Pauli X/Y on some subset of
4qubits in a graph state. Although it is a linear-algebra
problem in principle, obtaining the solutions and per-
forming the sampling may be nontrivial. Fortunately, it
turns out that we can avoid the exact sampling by con-
sidering the ‘worst scenario’ and still demonstrate univer-
sality (with unit probability) for various AKLT states.
Using the 2-step viewpoint of K’s, we first sample
POVM outcomes according to F ’s, which was solved in
Ref. [28]. The exact sampling could be obtained by as-
signing some spin-2 sites to flip from Fα to Kα accord-
ing the exact probability distribution had one solved the
linear-algebra problem mentioned above [37]. Instead of
sampling the exact distribution we then use what we call
‘the worst-case scenario’: all the spin-2 sites with Fα are
flipped to Kα. Then we implement the procedure in the
previous section to recover full planarity. The resulting
graphs are checked to see if they reside in the supercriti-
cal phase of percolation or not. Certifying that they are
deep in the phase can be done by performing percolation
‘experiment’ (such as deleting vertices or edges) on these
graphs [28]. If the graphs (before deletion) are in the su-
percritical phase, as the probability of deletion increases,
there will be a clear signature of phase transition, beyond
which no spanning cluster exists.
In order for universal quantum computation on graph
states, the graph needs to possess a macroscopic num-
ber of traversing paths. This means that that the ran-
dom graphs generated by our procedure need to reside
inside the supercritical phase. Sitting right at the per-
colation transition is not sufficient for universal MBQC.
We have checked the for the size L large enough, pspan
is unity for random graphs resulting from the procedure
on the AKLT states in Fig. 1a-c. But checking just this
is not sufficient for establishing universality, as this does
not rule out that the possibility that the graphs are sit-
ting at the transition point nor that the graphs may
be close to one-dimensional-like structure or star graphs
(both being non-universal for MBQC). We have further
performed site percolation simulation on the resultant
graphs, shown in Fig. 4a-c. It is seen that the graphs af-
ter the above procedure reside in the supercritical phase
(with unit probability), even in the worst-case scenario.
The significance of performing pspan vs. pdelete simula-
tions is therefore to first prove an existence of phase tran-
sition, justifying the separation of two distinct phases
and therefore the existence of macroscopic numbers of
traversing paths (in particular at pdelete = 0) in the su-
percritical phase of percolation. This shows that the hy-
brid AKLT states on Fig. 1a-c are universal resources for
MBQC.
IV. GEOMETRIC FRUSTRATION: KAGOME
AND STAR LATTICES
For antiferromagnets, geometric frustration often gives
rise to unexpected features. It was previously found in
the star lattice that geometric frustration may inhibit the
AKLT state from being universal [31]. Here we argue
that it is the case in the kagome lattice, but show that
for both lattices, we can decorate them so as to obtain
universal AKLT states.
A. The spin-2 AKLT state on the kagome lattice
For the spin-2 only AKLT states, the worst-case sce-
nario cannot be directly applied, as all the sites in each
domain have some probability to be flipped from Fα to
Kα. However, even if we assume the best-case scenario,
i.e., without flipping Fα’s to Kα’s, the graphs from sam-
pling only the F ’s outcomes do not possess traversing
paths for large enough lattice size. Thus, the spin-2
AKLT state on the kagome is not likely universal. We
remark that what we have not ruled out is the possibil-
ity of other POVMs that might have enabled universal
quantum computation.
The main reason for the lack of universality is due to
the antiferromagnetic property in the AKLT state and
the geometric frustration in the lattice. Due to the frus-
tration in a triangle, the POVM outcomes with (x, x, x),
(y, y, y) and (z, z, z) cannot appear, similar to the star
lattice [31]. This gives rise to an average probability of
p
[bond]
delete = 1/2 to remove an edge from an triangle, or
equivalently the probability of occupying an edge being
1−p[bond]delete = 1/2, lower than the bond percolation thresh-
old for the kagome lattice p
[bond]
th ≈ 0.5244. Therefore,
the random graphs are not in the supercritical phase,
implying non-universality for the original AKLT state.
This intuitive argument does not take into account cor-
related errors and hence correlated edge deletion, but
that is exactly what our simulations have dealt with.
B. Decorated Kagome lattice: spin-1 spin-2
mixture
To put to test the emerged picture that the AKLT
state on any frustration-free lattice of at most degree-4 is
universal, we decorate the Kagome lattice by putting on
each edge a vertex, removing frustration. This decorated
lattice then hosts a spin-1 spin-2 mixture hybrid AKLT
state. For the lattice with L× L unit cells (each having
3 spin-2 particles and 6 spin-1 particles per cell) there
are a total number N = 9L2 of spins. Our simulations
show that for L large enough (e.g. L & 140) our pro-
cedure yields random graphs in the supercritical phase
with almost unit probability. The results of site percola-
tion simulations are shown in Fig. 5a. Even though the
threshold of pdelete is small, around 0.03, it is still nonzero
and therefore the random graphs are residing inside the
supercritical phase. In summary, by decorating a frus-
trated lattice we are able to make the resultant AKLT
state universal.
5C. Decorated star lattice
Whether the existence of geometric frustration will
completely destroy the universality may depend on the
particular lattice. It was shown that the spin-3/2 AKLT
state on the star lattice is not likely universal [31]. But
we can decorate the star lattice by placing an additional
vertex (which corresponds to a spin S = 1 site) on each
edge of all upside-down triangles; see Fig. 1f. There is
still geometric frustration due to the remaining triangles
and one might expect the associated AKLT state might
not be universal. However, our simulations show that the
resulting graphs after POVM are with probability one in
the supercritical phase. The results of site percolation
simulations are shown in Fig. 5a. Therefore, the associ-
ated spin-3/2 spin-1 hybrid AKLT state, even in presence
of frustration, is still a universal resource.
V. CONCLUDING REMARKS
We have shown that many 2D hybrid AKLT states
(see Fig. 1) involving mixture of spin-2 and other lower-
spin entities are also universal for MBQC. The results are
nontrivial as they demonstrate that AKLT states with
higher spins than 3/2 can still be universal. We have also
demonstrated that even though the spin-2 AKLT state
on the kagome lattice (Fig. 1d) is not likely universal, one
can decorate the lattice by adding additional sites so that
the resultant AKLT state becomes universal. Moreover,
the existence of geometric frustration does not necessar-
ily destroy the universality, as demonstrated in spin-3/2
spin-1 hybrid AKLT state on the decorated star lattice.
The following picture on the universality of AKLT states
emerges: any 2D frustration-free lattice with any com-
bination of spin-2, spin-3/2, spin-1 and spin-1/2, except
that spin-2 sites are not neighbors, will host a universal
AKLT state. To lift the constraint that the spin-2 sites
are not neighbors, one would need to resolve the question
question whether the spin-2 AKLT state on the square
lattice remain universal. Furthermore, the effect of frus-
tration may not be so severe as to completely destroy
universality. Otherwise by simple decoration to remove
frustration a resulting hybrid AKLT state can be uni-
versal. The family of 2D AKLT states contain many
members that are universal, providing a nontrivial and
versatile playground for quantum computation.
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FIG. 4. (Color online) Site percolation study on the random
graphs of domains resulting from the worst-case scenario pro-
cedure on the AKLT states on the lattices of (a) Fig. 1a with a
total number of quantum spins (or sites) N = 5L2, (b) Fig. 1b
with N = 5L2, and (c) Fig. 1c with N = 3L2. Note that the
quantities in both axes are dimensionless. In all cases, there
is a phase transition (as measured by the probability of a
spanning path pspan) from supercritical to subcritical phase as
the probability of deletion (pdelete) increases. The estimated
thresholds of pdelete are: 0.18(1), 0.19(1), and 0.11(1), respec-
tively. Nonzero deletion thresholds show that the resulting
random graphs after the procedure (before site deletion) are
deep in the supercritical phase.
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FIG. 5. (Color online) Site percolation study on the random
graphs of domains resulting from the worst-case scenario pro-
cedure on the AKLT states on the lattices of (a) the deco-
rated kagome, Fig. 1e, with a total number of quantum spins
(or sites) N = 9L2 and (b) the decorated star, Fig. 1f, with
N = 9L2. Note that the quantities in both axes are dimen-
sionless. In both cases, there is a phase transition from su-
percritical to subcritical phase as the probability of deletion
(pdelete) increases (as seen from the crossing of pspan curves
for different sizes). In (a) the lines are used to guide the eyes.
